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Abstract-The Coulomb,"van der Waals and repulsive lattice sums occurring in the higher order elastic constants up 
to sixth order have been calculated for the rocksalt and cesium chloride structures. Numerical values of the static 
elastic constants up to sixth order based on a rigid ion model with van der Waals and Born-Mayer type central force 
interaction between first and second nearest neighbors are calculated for several alka li halides representing both 
structure types. Fair agreement with the available experimental third and fourth order elastic constant data is found. 

1. INTRODUcnON 

The analysis of experimental data of anharmonic proper­
ties is complicated by the fact that the vibrational 
contributions contain coupling parameters of higher order 
than the contributions from the cohesive energy. For 
example. while the cohesive contribution to the nth order 
elastic constants depends on' the nth order coupling 
parameters. the vibrational contribution depends in the 
lowest order of the quasi harmonic approximation on the 
(n + 2)nd order coupling parameters [1-4). For alkali 
halides experimental data of the complete set of third 
order elastic (r.0. E.) constant~ are available for 
LiF[5.6). NaP [7]. NaCI[5.8--IO) and KCI[5.8). and 
experimental data of the partial contractions C jklmm .. of 
the fourth order elastic (F.O.E.) constants are available 
for CsCI, CsBr, CsI [II), RbCI, RbBr, RbI(12) and for NaI 
and KI (13). Thus for the evaluation of the vibrational · 
contributions to these quantities fifth and sixth order 
coupling para:meters are required. respectively. In the 
long wavelength limit (continuum approximation) the 
vibrational contributions can be evaluated from the higher 
order elastic constants [14-16) without knowledge of the 

_ microscopic coupling parameters. 
With such applications in mind we have calculated the 

static elastic ~onstants of second through sixth order for 
rocksalt and cesium chloride-type alkali halides based on 
the rigid ion model with Coulomb, van der Waals and 
Born-Mayer-type central force repulsive interaction 
between first and second neighbors. It is the purpose of 
the present paper to present the lattice sums for the 
Coulomb. van der Waals and repulsive contributions to 
the second through sixth order elastic constants for the 
rocksalt and cesium chloride structures and to give 
numerical results for selected alkali halides based on the 
ionic radii and repUlsive parameters derived for the 
rocksalt-type alkali halides by Tosi and Furni[I7, 18). For 
the cesium halides a new set of repUlsive parameters and 
ionic radii will be used. 

Previous theoretical calculations of higher order elastic 
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constants of alkali halides were mostly restricted to 
T.O.E: constants [2-4, 19-23). but for rocksalt-type alkali 
halides the static elastic constants through fifth order 
have been calculated by Nran'yan[24). Unfortunately, the 
Coulomb sums in [24) were not calculated with sufficient 
accuracy, and several of these values are in error t>y 
several hundred per cent. Although in most of the 
previous ~ork on T.O.E. constants [2-4. 2{}-23) thermal 
effects were included· the results of the present paper refer 
to the static crystal with the room temperature value of 
the lattice constant, because the approximation used in 
the previous work [2-4, 2{}-23] for calculating average 
values of the second strain derivatives of the phonon 
frequencies appears to be rather crude and may even give 
the wrong sign for the temperature coefficients of the 
second order elastic constants [1,25). 

The independent higher order elastic constants have 
been listed up to sixth order for several of the point 
groups of . higher symmetry, including the cubic point 
group O~ ' io' which both the rocksalt and cesium chloride 
structures belong,(26-28). 

2. BASIC EQUATIONS 

According to the definition of. .,the nth order elastic 
constants by Brugger[29) the static values are given by 

CII. W. = (l/Vc)(iJ"4>/ihli,il··. iJ1Ji.,j.) (2.1) 

where 4> denotes the static lattice energy and Vc the 
volume per unit cell, and T/i/ are the components of the 
Lagrangian strain tenspr. If the lattice energy arises from .. 
tWO-body central force interactions tiJ •• (R" "' ) depending 

on the distance R~~ = IR III' - R~i of ion JL in the cell nl 
and ion v in the cell rii = 0 one obtains for centro­
symmetric crystal structures by expanding the square of 
the distance in the strained crystal with respect to the 
Lagrangian strain: 

I!... t..~.. ~.' t· 
CIIII .. W, = (1/2 Vc ) L O"cb ... (R~· )X::;'X7," ... X~"X:· 

........ (2.2) 

~ where O=(I/R)(iJ/oR) and X. are the components of 
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R noo . Assuming an interatomic potential of the form 

(2.3) 

consisting of Coulomb, van der Waals and short range 
repUlsive interaction between first and second neighbors 
the nth order elastic constants for the NaCI and CsCI 
structures are obtained in the form: 

] T( I )Z' b -.,.] . +-~ n, r P+- 1111 .. ·1';' +- e - + __ T( I ) 
Vc . 2 Vc ~ n, qr P+-

Orde.r n 

2 

3 

4 

6 

Table I. Factor (n, x) of repUlsive terms . 

t(n,x) 

.(. + 1) 

_ x(.2 + 3. + ) 

x(.) + 6z2 + IS. + IS) 

(2.4) 

•• (x4 + 10a3 + 4Sa 2 + 10Sa + 105) 

.(xS + 1Sa 4 + 105.3 + 420a2 + 94Sa + 945) 

Here r denotes the nearest neighbor distance, q the ratio 
of second to first neighbor distance, and 

{3(n) = (-1)"(2n - ])!/2" - I(n -I)! 

1(n) = (-1)" 2" - I(n + 2)! 

c5(n)=(-I)"2"-I{n +3)!/3. 

(2.5a) 

(2.5b) 

(2.5c) 

The factor ,(n, x) is a polynomial in x of degree n defined 
by 

( I a)" nn,x)=x" e' -- e-' 
x ax 

(2.6) 

and is listed in Table I for n = 2, 3, .. . 6. 
The form of the dimensionless lattice sums indicated by 

the SUbscripted kernel letters E. H, and I is given below. 
In Tables 2 and 3 their values are listed for the rocksalt 
and cesium chloride structures in Voigt notation, replac­
ing index pairs ij = II, ... 23, .. , by single indices 
JL = I, ... 4, .. . , and capital kernel letters by lower case 
letters. 

Because of the central force character of the in­
teratomic potential (2.3) the nth order elastic constants 
and all lattice sums are totally symmetric in all indices and 
obey the Cauchy relations as given in Appendix 1. In 
connection with the point group symmetry of Oh this 
leads to a total of n independent constants for n = 2,3,4, 
5, and to 7 independent constants for n = 6. 

The Coulomb sums are given by 

(2.7) 

Table 2. Lattice sums for rocksalt structure 

Order I • hU 
b
L 1° 1L • I • II 1.1" •••• ,",V •• ,",v • • '\.IV •• V"·. ,",V •• 1,.Iv •••• \.IV •••• 

II 3.ll86 2.0972 0.3204 2.02ll 0.ll76 

12 -0.6955 0.05057 0 .1409 0.01363 0.06458 0 

ill 4.1057 2.0588 0.1822 2.0114 0.073)6 2 

112 -0.48)6 0.01918 0.06909 0.0049)0 0.0)210 0 0.5 

123 0 . 2717 0.1221 0.002718 0.003766 0.000)821 0 0 

1111 4 . 6123 2.0413 0.1125 2.0074 0.0412 0.5 

1112 -0.2536 0.008766 0.0)488 0.002042 0.01609 0 0.25 

1122 -0.3209 0.006)45 0.0))30 0.001632 O.OH88 0 0.2) 

1123 0 .0906 0.004069 0.0009059 0.001255 0.0001274 0 0 

11111 4.7979 2.0316 0.07668 2.0053 0.02497 0.25 

11112 -0.09284 0 . 004858 0.01790 0.001012 0 . OOB10) 0 0.125 

11122 -0.1787 0.002506 0.0165) O.OOO6OBO 0 .007924 0 O.12S 

11123 0.0178S 0.00140) 0.0004397 0.0004223 0.00006278 0 0 

11223 0.0)6)4 0.001121 0.0002176 0.000)480 0.0000)0)2 0 0 

111111 4.8011 2.0253 0.05800 2.0041 0.01678 0.125 

111112 -O.OOlS 0 . 003154 0.009)38 0.0006031 0.004099 0 0.0615 

111122 -0.08281 0 . 001103 0.008)07 0.0002456 0.00)967 0 0.0625 

111222 .0. 1089 0.0008527 0.008137 0.000202' 0.003944 0 0.0625 

11UH -0.00845 0.0005012 0.0002596 0.00014H 0.00003776 0 0 

1112ll -O.OlSH 0 .0003795 0 . 00008649 0-.0001165 0.00001212 0 0 

1122)) 0.01004 0 . 0004)11 0.00005301 O. OOOHn 0 . 00000727. 0 0 
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Table 3. Lattice sums for cesiur.1 chloride structure 

Oed.£, 

3 

4 

II 

III 

112 

1111 

1112 

un 

llZl 

lUll 

lun 

11122 

un3 

l1lll 

UUU 

o . 
\N ••• ~v •.• 

-1.140 1.041 

1 .• 1101 0. 9101 

-Z.IIO 0.4124 

o.un 0.1l44 

0.11314 0. 3019 

-3.130 0.1912 

0.2596 0 . U06 

-ll.05U 0 . 1032 

0.2171 0 . 1006 

-3 . 138 0.1019 

0.2040 0.4162 

-0.06500 0.03495 

0.1206 0.03402 

0 . 071130 0.01780 

-4.1.1.6 0.01158 

lUlU 0.1888 0.01168 

lU122 -0.04791 4.01219 

lunz -o.04~9 0.01163 

111l2l 0.06U6 0.OU15 

llllll .': o.OZS]O 0.009299 

unn 0.020U 0.01104 

1.020 

0.01013 

0.9453 

0.03722 

0.006291 

0.9085 

0.01840 

0.01672 

0.002097 

0.8893 

0 . 009595 

0.008030 

0.0007164 

0.0005643 

0.8188 

0.005264 

0.001110 

0.003792 

0.0003204 

0.0001964 

0.0002044 

The sum is to be extended over all unit cells Iii , and over 
the values p.., 1/ = 1,2. These sums were evaluated by the 
method of Evjen [30, 31] using seventeen successively 
larger neutral cubes. For the rocksalt structure they were 
independently calculated by Madelung's method as 
outlined for the T.O.E. constants by 8ross[l9] aDd as 
described for the higher than T.O.E. constants In 

Appendix 2. Agreement between the two sets of data 
exceeded three significant figures. 

In Table 4 the Coulomb sums for the T.O.E. constants 
are compared with previous results of Mran'yan[3,20], 
Bross[19], Blackman [321, G hate {41 and Fuller and 
Naimon [33], calculated by different methods. In several 

0.9ZJ6 0.6831 

0.8918 0.02414 

0.32)] 0.6596 

O. )002 0.01112 

0.291S O.ooU12 

0.U05 0.6482 

0.1014 0 . 005131 

0.09958 0.005541 

0.09915 0.0004375 

0.05058 0.6424 

0.03495 0.002884 

0.03330 0.002699 

0.0])17 0 . 000153S 

0.02150 0.oooU91 

0.02542 0 . 6394 

0.01258 0.001488 

0.01121 0.ooU39 

O.OUOI 0.001312 

0.01116 

0 . 009115 0.00004069 

0.01098 0.00004581 

1 . 
!.IV •• 

0 . 8889 

0.8889 

0.296) 

0.296) 

0.296) 

0.09811 

0.09871 

0.09811 

0.09811 

0.03292 

0 . 03292 

0.03292 

0 . 03292 

0.03292 

0.01097 

0.01091 

0.01091 . 

0.01097 

0.01097 

0.01097 

0.01097 

11 
.. "v .... 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

cases the numerical values had to be converted to the 
present definition according to eqn (2.4), since 
Nran'yan [3,20] and Blackman [32] present their T.O.E. 
constants in the notation of Birch [34] . The present 
results, those of Bross [ 19] and those of Blackman [32jllnd 
of Ghate[4] agree up to the third decimal, and the present 
results agree with those of Blackman[32] and Ghate(4) 
within a few units of the fourth decimal . The present 
results agree up to the last significant figure given here 
with the much more accurate data of Fuller and 
Naimon(33), which were calculated by means of the 
Ewald method. This should dispel the recently presented 
c1aim[35) that the Coulomb sums used by Ghate[4] are 

Table 4. Comparison of Coulomb sums eO~Y for rocksalt and cesium chloride structures from various sources with 
present results 

, 
ke.!ereru:. 

Suuct:ar-t o8T NroatyaA . Bros. b Ilackmanc • Chaced Presenc-

Iocbal~ III 4.00 4.1048 4 . 10556 4 . 1057 

III -0 . 500 -0.4835 -0 . 48345 -0.4836 

123 0 . 282 0.2118 0.2114 0.2711 

C ... 1._ III -7.21 -2.8099 -2.81061 -2.810 
(.1>10"-'" 

112 1.21 0.4849 0.48511 0.4851 

W 0.816 0.8317 0.83U8 0.8314 

"Calculated by Evjen's method by including for rocksal! structure contributions from 4 successively larger 
cubes[201 and for cesium chloride structure contributions from 6 successively larger cubes(J). 

"Calculated from Madelung's method[191. 
'For rocksalt structure calculated by Ewald's method(J2). 
·For cesium chloride sllUctufe calculated by Evjen's method by including II successively larger rhombohedral 

parallclepipds (41 . 
'Calculated by Evjen's method by includin~ 17 successively larger cubes. 
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inaccurate because of poor convergence. On the other 
hand, the Coulomb sums of Nran'yan [3, 20J differ 
significantly from [he other three scts of data. As has been 
pointed out before by Ghate[4J this discrepancy may be 
attributed to the fact that in the evaluation of the Coulomb 
sums by Nran'yan [3, 20J by means of Evjcn's method the 
interior of too small a number of neutral cubes was 
considered. 

]n Table 5 the Coulomb sums for the fourth and fifth 
order ela tic constants for the rocksalt structure are 
compared with the corresponding values of Nran'yan [24J 
after conversion to the present notation according to the 
definition in eqn (2.4). Again it is seen that major 
discrepancies occur. Since the present results for the 
rock salt structure were calculated independently by two 
different methods it is suggested that Nran'yan's values 
are in error because too small a number of neutral cubes 
was considered in the summation according to Evjen's 
method. 

The van der Waals sums are defined as 

~... e· ~. t!. .. 

X m·x·n• xm·x,no H .. . =76 " i, 11 e •• i", i,. 
ILlI··J,J. L., 1''' 

.. (R ifto )2n+6 

(2.8a) 

and 

. .e.'" I!" J!." j!. ... 

X moX··o xmoxmo I - 8'" if ;1· .. i.. i .. 
IU1· .. ;./,,- r £J " . 

.. (R 11.. )2"+1 

(2.8b) 

When Jl = v the values of H and I are labelled by the 
superscript L, and when Jl i' v by U. The sums converge 
rapidly and were evaluated numerically by successive 
addition of terms until the following term contributed less 
than 10-11

• , 
The repUlsive sums depend on the neighbor order J = I, 

II, . . . according to 

~:~; ~:~: 
" Xi. X;, ... Xi. Xi. 
L..J .' (Rift°in 

(2.9) 

.where the sum has to be 'extended over all neighbors with 
a given distance r. By writing out the position vectors of 
the Jth neighbors of the ion at the coordinate origin these 

Fig. 5. Comparison of Coulomb sums l.~ .. and l.s ..... for rocksalt 
structure from Nran'yan 124] with present results 

Cl8);i(c) Nran 'yao Pruent 

1111 4.S9 4.6121 

1112 -<1.449 -0.2116 

U22 -0.840 -0.1209 

1121 0.OS4 0.0906 

lUll S.10S 4.7979 

11112 -0.OS4 -0.09284 

Ul22 -0.15 -0.1787 

lUll 0.0101 0.0178) 

U2ll 0.0480 0.01634 

sums may be evaluated by inspection. In Tables 2 and 3 
the results are given for J = I and II .. 

3. BOR."-~tA\lJt TYPE REPL'lA<;JYE PARAMETERS 

The numerical applications were based on the Huggins­
Mayer form of the pre-exponential repUlsive constants as 
given by [36). 

(J.t,v=+,-). (3.1) 

Here f3, .. denotes the Pauling factors [36J (f3.- = 1, 
f3++ = 1.25, f3- - = 0.75 for the sodium, potassium and 
rubidium halides, and f3. - = 1.375, (3 .. = 2.0, f3-- = 0.75 
for the lithium halides), and r" r _ the ionic radii. Tosi and 
Fumi have derived a set of ionic radii r., r_ and repulsive 
parameters b, p for the seventeen rocksalt-type alkali 
halides based on the total interatomic potential (2.3) 
[17. IS). While the parameter b is common to all alkali 
halides, the parameter p is allowed to vary from salt to 
salt. The ionic radii and the repUlsive parameters were 
obtained from a simultaneous least squares fit to the 
experimental values for the equilibrium interionic dis­
tance and for the bulk modulus of the seventeen 
rocksalt-type alkali halides, with the effect of thermal 
motion taken into account in the approximation of 
Hildebrand's equation of state[17.ISJ. Although. as Tosi 
and Furni emphasizc[17, ISJ, these empirical parameters 
are subject to the uncertainties of the experimental input 
data, they are frequently considered as a set of standard 
data and are v.ideiy used. The calculation of the higher 
order elastic constant data in the present paper will also 
be based on this set of data. The ionic radii and the 
repulsive parameters p are taken from Ref. [171. Table 1, 
corresponding to the first set of data with the common 
repulsive parameter of b = 0.338 X 10- .2 erg/molecule. 
The van der Waals constants C.- , C", c-- and d.-, d .. , 
d-- are taken from Mayer[3SJ. 

Since under standard conditions only three alkali 
halides occur in the cesium chloride structure the above 
procedure of Tosi and Fumi for the dtermination of the 
repUlsive parameters cannot be used for the cesium 
chloride-type alkali halides. Instead, we have determined 
a set of ionic radii and repUlsive parameters from a least 
squares fit to the equilibrium condition, to the second order 
elastic constants, and tv the partial contractions f1j~, = 

Fig. 6. Ionic radii r. and r_ (10-' em) and repulsive parameters 
(10-" erg/molecule) and p(IO-· em) for cesium halides determined 
from least squares fit of second order elastic constants and of 
partial contractions of third and fourth order clastic constants. 

The ionic radii of Pauling[41 J are listed for comparison 

PTUer.t Paulin, 

,+(ea) 1.77 1.69 

,_ (el) 1. 74 1.81 

,_(I,) 1.1S 1.95 

,_(I) 2.05 2.16 

• 0.208 -
. 

p 0.126 -
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Cijllmm and I;:,'. = C;;Um_ of the T.O.E. and F.O.E. 
constants, respectively. To this end the function 

_ 1 (Ri - Ai)2 • (Xi" -Xt"'): 
<l> - Z -A- + 2: "'l Xu. 

.-1 I ,-I J 
(3.1) 

was minimized with respect to the sil{ parameters ,.(Cs), 
,-(Cl), , - (Br), , - (1), band p, here assumed common to all 
these salts. R. and Ai denote the repulsive and attractive 
parts in the equilibrium conditions, respectively, 

Ri = b{ Zdl+_ ~) exp ('++ ~_i - '1) 

+~Z2(~')[I3++exp e,+;q'i) 
(3.2a) 

(3.2b) 

where a is Madelung's constant, and C and D are the van 
der Waals constants in the expression for the lattice 
energy per unit cell f38}- The index i labels the three 
cesium chloride-type cesium halides, CsCI, CsBr and Csl. 
All quantities in eqns (3.23) and (3.2b) have been defined 
above. The quantities Xj{j = 1,2, ... 9) denote the three 
second order elastic constants ClI, CIl, c .. , the three 
partial contractions of the T.O.E. ccnstants I'W = 
ClIl+2clIZ, I'W=2cm+cl2l, 1'~=c, ... +2c ,6(" and 
the three partial contractions of the F.O.E. 
constants I'W = CIIII +4c1l12 + 2clln + 2ClID, -yW = 
2CIIIl+ 2CII22 + 5ClID, y'tJ = CII .. + 2ClI66+ 4CIZ44 + 2CIl66. 
For the weight factors Wi values of 1/2, 1/4 and 1/8 have 
been assumed for the second order elastic constants, for 
the partial contractions of T.O.E. constants, and for the 
partial contractions of F.O_E. constants, respectively. 
Room temperature values were used for the experimental 
second, third and fourth order elastic constant 
data[ll,39] and for the interionic distances (40]. The 
results obtained from this minimization procedure are 
listed in Table 6. The ionic radii are seen to agree roughly 
with those of Pauling[411. but the cation radius of the Cs 
ion is 5% larger, and the anion radii are about 4-5% 
smaller than Pauling's va_~es, respectively. This tendency 
has also been noted for the ionic radii of the ions in the 
rocksalt-type alkali halides[17, 18). It should be noted, 
however, that because oC the neglect of thermal e ffects in 
the derivation of the data in Table 6, these data cannot be 
considered on an equal footing with the corresponding 
date of Tosi and Fumi[l7. 18) for the rocksalt-type alkali 
halides, in which thermal effects have been approximately 
taken into account. This may affect especially the 
magnitude of the pre-exponential repul ive parameter b, 
which is found to be about 40% smaUer for the cesium 
chloride-type alkali halides than for (he rocksalt-type 
halides. The hardness parameter p for the cesium 
chloride-type alkali halides is found to lie within the range 
of values found (or the rocksalt-type alkali 
halides[17,181. 

4. JltlJMERJCAL RESULTS AND DISC\; IO~ 

The second through sixth order elastic constants were 
calculated from eqn (2.4) for the rocksalt-type and the 
cesium chloride alkali halides by using the repul ive 
parameters of Tosi and Fumi[17, 18] and of Table 6, 
respectively. For the interionic distanc.es the room 
temperature values of Table I of Fumi and Tosi [42] and 
of Wyckoff[40] were used for the two structure types, 
respectively. In this manner that part of thermal effects 
which arises from thermal expansion i taken into 
account, but the isochoric temperature variation which 
arises from the strain dependence of tbe vibrational 
frequencies is omitted. 

In Table 7 the individual contributions from Coulomb 
interaction, from the two types of van der Waals 
attraction, from first and second nearest neighor (I st n.n. 
and 2nd n.n.) repulsive interaction, and the total elastic 
constants of second through sixth order are listed for 
NaCI and CsC!. Although second and third order elastic 
constants have been discussed before by other authors[l-
4; 19-23) they are included for completeness. As a result 
of the crystal symmetry reflected in the repulsive sums in 
Tables 2 and 3 the repulsive contributions are significantly 
different for the rocksalt [NaCl) and for the cesium 
chloride [CsCI] structure. In [NaCI) the 1st n.n. repUlsive 
contribution, and in [CsC!] the 2nd D.n. repUlsive 
contributiQn, is non-zero only if all indices are equal, i.e. 
for CII, CIII, ... CIIIIII. In [NaCl) the 2nd n.n. repulsive 
contribution is zero if all tbree different coordinate 
indices appear, i.e. for Cm, CIID, ... CII22JJ and in [CsCI] 
the 1st n.n. contributions are equal for all elastic constants 
of a given order. For [NaCI] the 1st D.n. repulsive 
contribution (if non-zero) is always larger than the 2nd 
D.n. repUlsive contribution, but for [CsC!] the ratio of the 
2nd n.n. contributions to the 1st n.n. contribution 
increases rapidly with increasing order n, so that for CIIIIII 
the 2nd n.n. repUlsive contribution is the largest , and the 
1st n.n. repUlsive contribution is the smallest 
of all individual contributions. With increasing order n the 
van der Waals contributions become larger and relatively 
more importaDt for both structure types. For n ~ 4 the 
van der Waals contribution from the dipole-dipole 
interaction is comparable to or even larger than the 
Coulomb contribution. In general, the sign of the total nth 
order elastic constants is given by (-I)" with Cm, CIID, 
C1112l. Cllm and CII22JJ as exceptions for NaCI and CIIII2 as 
the only exception for CsC!. For both structures the 
magnitude of the total elastic constants of a given order is 
considerably larger for all indices equal than for mixed 
indices, such as CIII ~ CII2, CIII ~ Cm, CIIII ~ CIIIZ, etc. The 
magnitude of the elastic constants with all indices equal 
increases rapidly with increasing order n (faster than 
10"). The mallnitude of all other constants increases also 
with incr~asi~g order, but less drastically. In general, for a 
given set of indices the higher order elastic constants are 
of the same order of magnitude for both NaCl and CsC!. 
El{ceptions are Clllh CIIIll, ClnlJ, CIlIn', CIIIZ"'J and CII211h 
where because of the absence of any repulsive contribu­
tion in [NaCI) the absolute magnitude of the elastic 
constants for CsCI i.s from 7 to 32 times larger than for 

NaCL 



Order 

Cu 

C""lo-11 -0. S72 

.a., dtr V.ah (d-d) -0.090 

Joel vaa der Vu.la (d-q) -0.019 

r.puhLve (X) 1.081 

repuhhe (II) 0.082 

Total 0.481 

Couluab 0.170 

• ... D dcr V.at. (d-d) -0 . 092 
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In Table 8 the total elas tic con tants are listed for seven 
representative rocksalt-type alkali halides and for two 
cesium halides. While there is very little diffcrence 
between the data for the two cesium halides, variations lip 
to a factor of 9 occur among the rocksalt·t~ pe alkali 
halides. This results partly from differences in lattice 
constant, and partly from different ionic radii. 

For those four alkali halides, for which experimental 
data on the complete set of T.O.E. c.onstants are 3vailable, 
the calculated and experimental second and third order 
elastic constants are compared in Table 9. Also included 
are theoretical values based on four different versions of 
the rigid ion model (4, 20.21, 23).10 Nran'yan's model[20] 
van der Waals forces .and 2nd n.D. interaction are 
neglected, and in Ghale's model [4] van der Waals 
interaction is neglected. In both the models by Ghate [4] 
and by Paul [23] a Born repulsive potential with the same 
pre-exponential factor for Lst and 2nd n.n. interaction is 
used, thereby neglecting the ionic size effect included in 
the Huggins-Mayer form according to eqn (3.1). The 
model of Lincoln et af.[:!1l is based on the interaction 
potential (2.3) with the Huggins-Mayer form (3. L) for the 
pre-exponential factor. but the Pauling factors {3H and 
(3-- were inadvertently interchanged. In the data of 
Paul[23] three-body type hon range interactions arising 
from the deformability of the electron distribution of the 
ions have been included 00 the basis of a model proposed 
by Basu and Sengupta[43] and Sarkar and 
Sengupta [44,45]. For tlie repUlsive parameters mostly 
values from Tosi[I81 have been used[4,2l], but 
Nran'yan's values [20] ace based on assumed values of the 
hardness parameter p(0.333 x 10-& cm, except for LiF, for 
which the value 0.250 x 10-8 cm is used), and the 
pre-exponential factor of the repulsive potential is 
determined from the equilibrium condition, with the 
interionic distance referred to the static crystal [20]. For 
NaCI and NaF the repulsive parameters used by Paul [23] 
were determined from the static values of the bulk 
modulus and interionic distance, and the three-body force 
constant was determined from the static value of the 
Cauchy difference Cu - e... All four sets of 
data [4, 20, 21, 23) refer to room temperature, and thermal 
effects are calculated in the Einstein approximation, with 
Born's value of (W 1)'12 for the average phonon frequency. 
The model of Lincoln et al.[21] agrees closest with the 
model used io the ... resent paper. Except for the 
interchanged values of {J.. and p- the interatomic 
potential and repulsi e parameters of Ref. [21] are 
identical with those used here, and the main difference 
consists in the more elaborate c-alculation of thermal 
effects in Ref. (21]. 

For the second order elastic constants the present 
model gives a1ues which in some cases differ considera­
bly from the experimental values. e pecially for ell for 
LiF and NaF. For Nael and KCI the discrepancy for the 
model of Lincoln et atl21J is larger than for the present 
model, although in the former model thermal effects are 
treated more adequately than in the present model. It can 
also be seen that for the T.O.E_ constants the discrepancy 
expressed in per cent is mailer than Cor the second order 
elastic constants. A pos ible explanation for this is that 
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many body effects andlor thermal effects are more 
pronounced for the second than for the third order ela~tic 
constants. Another possibility is that for LiF and NaF 
with the largest discrepancies for both second and third 
order elastic constants the ionic radii and repulsive 
parameters of Fumi and Tosi[I7, 18) are I~ss reliable than 
for NaCI and KCI. 

Inspection of Table 9 shows that in most cases the 
experimental T.O.E. constant data of different authors 
agree to within a few per cent, but with discrepancies 
larger than the experimental errors given. However, some 
data show larger deviations and are either less plausible 
than the data of other authors (c", for LiF and c,,= for 
NaCI), or are more isolated from the group of data of the 
other three authors (Cm, C'44 and C'56 for NaCI). Some of 
the theoretical data of different authors exhibit large 
differences, which are especially pronounced in the case 
of c", for LiF and NaF. For e,4oI and C'l<\ all, and for e'66, 
most theoretical data agree within a few per cent. 
Therefore evaluation of the theoretical models on the 
ba is of their agreement with experimental data should 
focus mostly on the constants c"" C,,= and Cm. 

Comparison of the various theoretical T.O.E. constant 
values with the experimental data does not reveal a clear 
pattern of superiority for any of the theoretical models. 
For c", Ghate's model[4] gives the best or econd best 
agreem~nt. For NaF and KCI Paui"s model [23] gives 
somewhat better agreement. Thus inclusion of three body 
forces in that model appears to be a step in the right 
direction, but for NaF the magnitude of the effect is 
overestimated. On the other hand for C"l and Cm in NaF 
the model of Paul gives the largest discrepancy. For e", 
the present model gives better agreement than those of 
Nran'yan [20] and Lincoln et al. [21]. For Ghate's model 
the discrepancies for e", range from 1% (NaCI) to 42% 
(NaF), whereas for the present model the discrepancies 
range from 9% (NaCI) to 56% (NaF). For LiF and 
NaF Ghate's model and the pre ent model give 
the best and equally good agreement for ell~. In several 
other cases the present model gives the best agreement 
(Cm for LiF and NaCI). It is surprising that the improved 
models of Lincoln et at. [21] and of Paul[23] give less 
satisfactory agreement than the original model of 
Ghate H]. Although in the pre ent model thermal effects 
are only partly and approximately included the overall 
agreement with the experimental data is comp3fable to 
that for other models. This provides some justifi,:'lIion 
for presenting here the higher than T.O.E. constants up 
to sixth order calculated from this model. Improved 
theoretical calculations should include many body effects 
and an improved method for evaluating the mode average 
in the treatment of thermal effet:ts. The success of the 
anisotropic continuum approximation in accounting fllr 
the temperature coefficients of the second order c:lastic 
constants[I4-16] suggests that extension of this model to 
the temperature variation of the T.O.E. and F.O.E. 
constants may be a more promising approach than Born's 
approximation of replacing the mode average (w) by 
(w=)IIlII]. In addition, deviations from the imple expo­
neOlial dependence on interionic distance in the Bom­
Mayer potential ·will become more pronounced with 
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Table 9. Comparison of e).perimentaland theoretical second and th ird order e1a~tic constants (IO" dyn/cm'j at 300"K 

Katerul Reference <11 ell <" e
lll <lll en) c l44 <166 <456 

LlF Ezp. · 1.140 0.417 0.636 -14 . 2 , O.J -2.6 • 0.2 1. ~ • 0 . 3 0.85 1 0 . 10 2. 13' 0.13 10 . 94 • 0.06 

b -6.9 1 0.6 

Theor. Pre.t!.Q[ 0.135 0.611 0 . 611 -10.13 -2.49 1.00 1.00 2. 49 1.00 

< -22 . 3 -1.9 0.81 1.00 1.18 1.00 

d -13.5 -2.50 0.88 0.98 -2 . 54 ~ . 96 

W.F hp. · 0 . 963 0 .242 0 . 276 -14. 8 :I 0 . 8 -2 . 7.t 0.4 2 . 6 t. 0.6 0.4£ 1 0 . 06 -1.14 :I. 0 . 0) 10 ,00 • 0.01 

Theor. Pruent 0 . 411 0.345 0.345 -6.51 -1.39 0.62 0 . 62 -1 .3 9 ~.62 

< -1.98 -1.06 1 . 02 0.51 1.00 ~.51 

d -8.56 -1.39 0.49 0.56 -1.43 ~.54 

f -19.83 -0 . 65 0 . 23 0.56 -1.36 10.59 

HaCl Exp. · 0.494 0.127 0 . ll8 -8 . 4:1 0.3 -0.50 i 0.07 0.46 • 0,09 0. 29' 0.05 -0 . 60 1 0 . 04 ~. l6 ! 0.01 

, 0 . 493 0 . 129 0.128 -8.8 -0 . 57 0 . 28 0.26" O.Ol -0 .61 i 0.01 ~.27 • 0.01 

h 0.498 O.UO 0.128 -8.2310.0 0 . 02 .. 0.05 0 . 53 .. 0 . 07 o 23 .. 0.03 -0.61 .. 0.03 0.20 • 0 . 01 

1 0.496 0.131 0.128 -8.6 ! O. D! -0.50 • 0 . 04 0.09 .. O. OB 0.01 !: 0.03 -0 . 59: 0 . 01 O. ll 1 0.02 

Theor. Pre.aent 0.481 0.146 0 . 146 -7.83 -0.63 0.l8 0.28 -0 . 63 p.28 

< -5.8 -0.51 0.20 0.27 -ll . 47 ~.27 

d -8.61 -C.52 0.16 0.26 -0.51 10·25 

j 0 . 358 0.098 0.= -7.36 -0.53 0.13 0.27 -0 . 61 10 . 25 

f -6.70 -0. 68 0.09 0.27 -0.85 10. 27 

Re1 Exp. · 0.409 0.0704 0.063 -1.3 :t 0.4 -0.2 4 " 0.04 0.11 • 0.04 0.l3 .O.()I. -0.26 .. 0.02 10 . 16 1 0.01 

& 0.408 0.0705 0.063 -7.0 -0.22 0.13 0.13 1. 0.01 -0. 24510.00 10 . 118 ! O.O~ 

Theor. Pruent 0.321 0.086 0.086 -5 . 60 -0.35 0.21 O.ll -0.35 p.2l 
< -5.3 -0.34 0.10 0.16 -0.30 10 . 16 

d -6.01 -ll . J2 0.09 0.16 -0.36 10 . 16 

j 0 . 218 0.054 0 . 074 -5 . 106 -0 . 21 0.06 0 . 17 -0. 33 p.16 

f - -6.59 -0.l6 0.03 0.17 -0 . 42 10. 17 

°Drabble and Strathen [5]; "Benscb [7]; "GJuyas[9]; b Archer tl al. [6]; 'Paul [23] ; 'Swartz[ 10]; CNran'yan [20]; 
'Chang[8]; jLincol.n et al. [21]; dGhate[4]. 

Experimental second order elastic constant are adiabatic values, third order elastic constant s intermediate 
adiabatic·isothermal quantities. Theoretical values are isothermal quantities, except for present results, which refer 
to a static crystal with room temperature value of the interionjc distance. 

increasing order of the elastic constants, especially for 
elll " .. ith its dominating 1st n.n. repulsive contribution. 

While 00 experimental data on individual F.O.E. 
constants of alkali halides are available, for three alkali 
halides numerical values of CI\I\ and Cl\ll have been 
deduced by Garber and Granato fr'\m the temperature 
coefficients of the second order elastic constants [16J. 
Their values are based on theoretical expression for the 
mode averages of the second strain derivatives of the 
phonon frequencies derived in the anisotropic elastic 
continuum approximation [14, 15J. In addition, the Cauchy 
relations have been assumed, and the number of 
independent F.O.E. constants has been reduced from 4 to 
2 through the assumptionsll6J 

(4.1 a) 

and 

Cm~ =O. (4.lb) 

These (1'.'0 relations are valid if onJy 1s( and 2nd 0.0. 

repulsive forces are present. As the data in Table 8 
indicate the deviations from eqn (4.1a) do not exceed 
about 20%, and CII13 is always smaller than about 25% of 
CII12. Thus the two approximations (4.1a) and (4.lb) are 
fairly well justified. Comparison of the present F.O.E. 
constants with those of Garber and Granato [16J in Table 
10 shows excellent agreement for CIIII for KCI, fair 
agreement for both CIIII and ellll for RbF, and larger 
discrepancies for the remaining constants, especially for 
Cllll for LiBr. The discrepancies may be partly due to the 
limitations of the anisotropic continuum model, i.e. 
neglect of di persion and of the optical branches of the 
phonon dispersion relations. However, the fair to good 
agreement obtainc:d' for some cases, especially for CIIII, 

seems to suggest that the theoretical data presented here 
are in error, especially for LiBr. The most plausible 
reason for this is the uncertainty of the individual 
repulsive parameters p and of the ionic radii of Tosi and 
Fumi [17, 18J which are based on experimental data of the 
bulk modulus, its temperature and pressure coefficient, of 
tlie lattice constan't and oC the thermal expansion 
coefficient. This suggestion is supported by the fact that 
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Table 10. Comparison of fourth order ela~tic con~tants (in 
10" dyn/cm' J calculated from rigid ion model with values of 
Garber and Granato! 16} calculated from temperature dependence 

of second order elastic constJnts 

CUll (.1112 

Presell," 62.2 S.6S 
LUr 

lef [16/ 120.0 0.H4 

PresenC 8L.l 1.61 
t:Cl ReC [16/ 82.S O.SH 

PreseaL 87.0 4 .66 
ll>P Ref [16/ 66.0 3.1 

the deviation of the calculated lattice energy from the 
experimental value is largest for LiBr (3.5 kcal/mole) and 
smallest for KCl (O.l kcal/mole). In addition, the F.O.E. 
constant data of Garber and Granato[ l6J may be in error 
because they are based on T.O.E. constant data as input, 
and because for LiSr and RbF theoretical values of 
Ghate[4J have been II ed for this purpose. These T.O.E. 
constant values give pressure coefficients of the second 
order elastic constants which are for LiBr and RbF in 
poor agreement with experimental data [46,47]. Other 
conceivable reasons for the discrepancy should be of 
minor influence, such as the neglect of non-central force 
and many-body type bort range interactions by both 
Garber and Granato [161 and by the present authors, and 
the fact that the values of Ref. [161 refer to the static 
crystal, whereas the present results refer to 3000 K and 
panly include thermal effects. 

Experimental data COl' the first pressure derivatives of 
the elastic constants Ikhich are equivalent to the partial 
contraction Co/H,"," are available for all alkali halides. 
They have been discussed for the rock salt-type alkali 
halides by Smith and collaborators [46.48,49] in the 
context of the Born model. For RbCl, RbBr, RbI, NaI and 
KI the second pres ' nrc derivatives of the second order 
elastic constants, which are equivalent to the partial 
contractions C,llmm~ of the F.O.E. constants have been 
measured and shown to agree quite well with theoretical 
data based on the Huggins-Mayer form of the Born­
Mayer potential with the same ionic radii and repUlsive 
parameters very similar to tbose used in the present 
paper[12,13J. 

The partial contractions c,,1J~_ and c',.lImm"" o( the 
T.O.E. and F.O.E. constants of CsCI, CsBr and Csi have 
been used above in conjunction with the second order 

elastic constants and the lattice constants to determine the 
ionic radii and the repUlsive parameters for the cesium 
chloride-type cesium halides. In Table 11 the 
experimental [11, 39J and theoretical data are compared. 
Fair agreement for the T.O.E. and F.O.E. constants is 
found, but as (or the rock salt-type 'alkali halides, the 
agreement for the second order elastic constants is less 
satisfactory. A really consistent and comprehen~ive 

theory of the elastic constants of second and higher order 
is thus still lacking and would require first principle 
calculations of the cohesive contributions and a better 
approximation for evaluating the mode average in the 
thermal effects. 

S. SillolMARY AND CO~CU;S10SS 

The primary purpose of the' present paper is to present 
the lattice sum for the Coulomb, van der \\'aals and re­
pUlsive contributions to the higher order elastic con -tants 
up to sixth order for the rocksalt and for the cesium 
chloride structures. In addition, numerical values are 
gi"en for a few selected alkali halides of both structure 
types and are based on the Huggins-I>.\aye r form of the 
Bom-Mayer potential with ionic radii and repUlsive 
parameters from Tosi and Fumi[l7, 18J for the rocksalt­
type alkali halides. and on a new set of ionic radii and 
repUlsive parameters determined from the available 
second, third and fourth order elastic constants for the 
cesium-type alkali halides. Thermal effects are only 
roughly taken into account by calculating the data for the 
room temperature lattice constants. Improved calcula­
tions should simultaneously consider better numerical 
values for the repulsive parameters, many body effects, 
deviations from the Born-Mayer form of the short range 
repUlsive interactions and a better calculation of thermal 
effects. 
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APPENDIX 1 

Cauchy "lations 
For con\'enicnce, all Cauchy relations for the second through 

sixth order elastic constants are listed here (in Voigt notation): 

en= c ..... (AU) 

(A\.2a) 

(Al.2b) 

Clln = C1}46 = C.......c 

CIIID = C11 l6b:: C'6M6 

CIll2J = CUl-&<4 = CIl.,....,.= C1206= (I ....... 

=C .... j6=CI40t66 

CUtl2:l = C I16f.66 = C'"166 

C'II222 = CIIUM ~ C,~ = Ct.bb6666 

CIII223 = CIIIA!Io6 = C IIUM = C 111 244 = Cllt.666 

= CIl.3}t.6 = c~~~ = Clflob4}6 

= CIl 2H) = C "40166 

CII 223) = CtlJ.436 = CI1 1J..4.A = CI1~ 
= C 12404" = C 144<CJ4 = C~,,". 

(ADa) 

(A l.3b) 

(A l.3c) 

(A 1.4a) 

(A 1.4b) 

(AlAe) 

(A1.4d) 

(A l.5a) 

(A1.5b) 

(A I.5c) 

(AJ.5d) 

(A 1.5 e) 

(A 1.5f) 

The Cauchy relations for the elastic constants up to fourth order 
have been given before [2, 4,16,24]. 

APPE.'mrx 2 
Calculation of the Coulomb sums 

By forming the partial contractions of the Coulomb sums 
defined in eqn (2.7) \Io1th respect to the last index pair and using the 
Pythagorean theorer.! for the components of the interatomic 

~' . 

distance vector R;;;v one obtains for cubic symmetry the following 
relations between Coulomb sums of successive order (in Voigt 
notation): 

e. = ell +2t'2 (A2.!) 

ell = e'li + 2ell-: (A2.2a) 

e'2 = 2cII> + em (A2.2b) 

fIJI = £1111 + 2tl112 (A2.3a) 

till = tllil + £11::2+ t1l2l (A2.3b) 

tlU = 3e"u (A2.3e) 

estl' = til II I + 2t l lill (A2.4a) 

ellll= tlll1:2+tI1IU+ellll.) (A2.4b) 

tlln = 2ell12.l + tUlll (A2Ac) 

tUll = tUll) i- 2cl1::zJ (A2Ad) 

tlltlt = £11\111 + 2t'111111 (A2.5a) 

t11tU = lllll il + lUIiD + tl\lI1) (A2.5b) 

eUtu:::: tl1ll~ + tlll:.l.l + tUtU) (A2.5c) 

tlll21 = tllll2) + 2tll'nJ (A2.5d) 

tll22J = tuU)) + 2tu11l3' (A2.5e) 

The relations (A2.1) and (A2.2) have been given by Bross I19]. In 
eqn (A2.!) (. is equaJ 10 the Madclung numbcr[19}. lf flo f". (",, 

e"" and l"". are known, cqns (A2.1)-(A2.4) allow the 
calculation of th~ re;naining Coulomb sums tIl; t,,,; tm; ... ; 

e"I1>, ... t,m", of second through fifth order. Since eqns 
(A2.5a)-(A2.5e) pro\ide only 5 equations for the 7 sixth order 
Coulomb sums, two of these, say t",,,. and t""", must be 
calculated independently. 

Accordinil lo Hross(19) the Coulomb sums with equal indices 
can be obtained by diffeentiation of the lattice sum 

S(a) = - L __ -,(,---,-,I),-,~r __ _ 
.. .,..e.. ~ ~ 

[(X;")' + (X;)' + a(X;,)') 

(A2.6) 
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2
2on! o(oOS(a» ) ell ,=3-
2 

,(-I) -,-.- . 
-;;-- n. "a ~_I tlllO' = 3:5[945<1'0' - 1689<1'10 + 1518aUl

- 342a'" + 33a'" - u"') 

Here the summation over v in eqn (2.7) is already carried out, I 
because both V"" I and v = 2 give the same contributions. By ell II II = 3,465[10,395u(O'-19,524u"'+21,423u/1) 

(A2.ge) 

means of /liadelung's method the lattice sum (A2.6) can be 
expressed as follows[19) : - 5,946u'" + 837u'" - 48u'" + u'"') (A2.9C) 

(A2.8) 

Here Ko is the modified Hankel function of zrroth order, ; is the 
distance to the nearest anion from the plane perpendicular to the 
chain of ions considered which passes through a cation at the 
coordinate origin, and P.M is the distance of the mth chain of ions 
from the straight line through the origin. 

After performing the differentiation according to (A2.7) one 
obtains 

f. =u(O' 

ell "" 3u(0, - 4u(1) + u(1) 

e.lI. = ~[105u'O' -176<7'" + I 22a(2) - 20aPl + u"') 

". 

(A2.9a) 

(A2.9b) 

(A2.9c) 

(A2.9d) 

with[I9) 

x [(2r + 1/; rKo[(2r + l)'7T~M ] + 2 150 •0 In 2 (A2.IOa) 

a'20+" = 4 i 2: cos [(2T + 1)'7T~ ] 
, -0 '" r 

x [(2T+ I)~m rK ,[(2r+ l)~ J. (A2.IOb) 

The relations (A2.9a)-(A2.9c) have Been given by Bross [19). 
These relations were used for independently calculating the 
Coulomb sums for the rocksalt structure up to sixth order, except 
t'I22», for which no expression can be obtained from Madelung's 
method. 

I.' " 
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ERRATUM 

R. C. HOLLINGER and G. R. BARSCH: Higher Order Elastic Constants of Alkali 
Halides. J. Phys. Chem Solids 1I, 845-855 (1976). 

U 
A decimal error has occurred for the value of the van der Waals lattice sum h

123 

in Table 2. The correct value is 0.0122 (and not 0.1221). Consequently, the 

dipole-dipole van der Waals contribution to the T.O.E. constant c123 for NaCl in 

12 2 12 2 Table 7 is 0.006 x 10 dyn/cm (and not 0.03 x 10 dyn/cm). Furthermore, the 

total calculated values of c123 reported in Tables 7, 8 and 9 have to be corrected 

as follows: 

c123 (in 12 2 
10 dyn/cm) 

Reported Corrected 

LiF 1.00 0.97 

LiCl 0.38 0.37. 

NaF 0.62 0.55 

- NaCl 0.28 0.25 

KF 0.39 0.32 

KCl 0.21 0.17 

RbCl 0.19 - 0.14 
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